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Abstract 



The conventions that Wu and Yang assumed for the kaon phases in the context 
of CP symmetrical two-pion decay channels fix the relative kaon phase. This fact, 
apparently not emphasized sufficiently in the past, has recently been overlooked by 
Hayakawa and Sanda. In particular, Wu and Yang fix the relative phase to a different 
value than the one resulting from the convention CP\K°) = \K°). The difference 
between the two values is made up of possible contributions from CPT- and direct 
' CP-violations during the decay of a kaon into a two-pion state of isospin zero. 

I would like to comment on the phase freedom in the neutral kaon system as presented 
in a recent paper by Hayakawa and Sanda Q. Following Lee and Wolfenstein || I assume 
that the CP operator is fixed. An argument similar to theirs applies to the T operator. 

In order to keep different kaon phase conventions apart, one should be aware of a 
convention that is hardly ever mentioned explicitly but nonetheless employed by most 
authors. For two-pion states, the isospin phase convention is assumed which is implicit in 
the Clebsch-Gordon series. Because the Clebsch-Gordon coefficients are real, the isospin 
vectors |(2tt)/) (/ = 0, 2 & I3 = 0) as well as their combinations |7r + 7r~) and |7r°7r°) acquire 
the same phase factor under the CPT transformation. The kaon phases are chosen such 
that the transformation of the kaon states is associated with this phase factor, too, 

CPT\K°) = e ie \K°}, CPT\(2ir)i) = e ie \(2n)i). (1) 

Note that because CPT is idempotent on integral spin systems and antilinear, the 
transformation of the antikaon state vector is associated with the same phase factor, 

CPT\KQ) = e w \K°). (2) 

I call the relative phase between the state vectors of the kaon and the antikaon briefly 
"the relative kaon phase". This phase is not fixed by the value of 0. In the convention 
of Eq. (|l]), CPT invariance of the two-pionic decay amplitudes (without strong scattering 
phase shift) Aj of the kaon and Aj of the antikaon takes on the form, 

CPT invariance =>• Aj = A}. (3) 
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Hayakawa and Sanda, too, stated this as a consequence of CPT invariance ||] and therefore 
surely had assumed the same phase condition. 

Wu and Yang H employed two conventions: First they assumed the kaonic and pionic 
CPT phase factors to be equal, as done in Eq. ([[]); second they chose Aq to be positive, 

A^ Y = real > 0, (4) 

which fixes the relative phase between the K° and the {2tt)q state vectors. Eq.s ([!]) and 
(Q) together fix the relative kaon phase. 

Schubert et al. || generalized the second convention of Wu and Yang into 

A s 

=| = real > 0, (5) 

which fixes the relative kaon phase. 

From CPT\K°) = TCP\K°) follows that the phase factors under the CP transforma- 
tion and time reversal are related as follows ||, 

CP\K°) = e^lRO), CP\K°) = e~ i(f> \K ), 

T\K°) = e ix \K°), T\K°) = e l *|K°), 

2<P = x~X- (6) 

In order to analyze the conventions of Wu and Yang, and of Schubert, I shall now 
derive a formula (Eq. ( p0|) ) for the CP phase factor e 1 ^ . 
The mixing eigenvectors can be expanded as 

p ias,L 

\Ks,l) = m = | = m [(1 + e ± 6)\K°) ± (1 - ST 6)\K°)]. (7) 

I choose the relative phases between the state vector of the K°, the CP eigenvectors |-Ki,2) 
and the mixing eigenvectors such that 

1^1,2) = (8) 

\K s ,l) = , 1 (\K 1>2 ) + s s>L \K 2>1 )). (9) 
/ 1 + |£5,l| 2 



The only remaining phase freedom of the state vectors lies in the relative kaon phase, 
which we represent by the CP phase <f> of Eq. (||). Only if we choose the relative kaon 
phase according to 

e i(t>CP = 1, (10) 

can we obtain the relations 

-CP i xCP ioii p , i /-i 1 \ 

es,L = s^ ±S , e s,l = i. (ii) 

I shall refer to the phase choice in Eq. (|To| ) as the "charge-parity convention". Under a 
change of the relative kaon phase, the ratio of the coefficient in front of \K ) with the one 
in front of \K°) transforms inversely to the CP phase factor e 1 ^ of Eq. @. Therefore the 
product of this ratio and this phase factor is invariant, so that the new, primed quantities 
are related to the old ones by 

l-(e±5) e ~\-{e'±5') e ' ^ { > 
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. . (e ± 5) cos 2—2 _ i s i n : 

£ ± = T7— 5 

cos — i(e ± (5) sin 



= (e± ( 5)-i^^ + O([e± ( 5][0'-0],[0'-0] 2 ). (13) 

Hence S and are phase invariant to the first order, whereas is phase dependent in 
all orders. Furthermore 

cos — i{£ ± o) sin ^-g-^ 

Because the relative phases between and \Ks,l) have been fixed by Eq.s (JsJ) and (§), 
the phase factors in Eq. (^) transform inversely to the coefficients in front of \K°), 

e ia 's,L =e i^j*s,L +0([i±5][(i>' -$ 2 ). (15) 

With this equation we can pass from the convention of Eq.s ([h]) and (|TT|) to a convention 
close to it (4> small). We find that to the first order the phase factors of the two mixing 
eigenstates are equal to one another and given by 



The ratios 



are related by 



e ^s,L =e % + (e s>L <f>,<t> 2 ). (16) 



((2vt)q|T|K l ) = ((2n) \T\K 2 ) 

• ((2vr)o|T|^ 5 )' • <(2 7 r) |^r|^ 1 > 1 ' 



a + e L e-sl 



l + esa I -ees 



Most authors, e.g. jjj |g] || |i0], use different relative phases between |-?Cs), and 
\K°) in that they let the phase factors of Eq. (|7|) be equal to unity. (The inverses of my 
phase factors then would need to appear on the right side of Eq. (0).) My parameter e is 
equal to their ((2ir) \T\K L ) / ((2tt) \T\K s ) times the factor e i{ - aL ~ as \ which is unity to 
the first order, a is a parameter of direct CP violation in the kaon-decay channel with 
final state {2tt)q. The expression || 

an := — (19) 

A + A K ' 

becomes a CPT violation parameter of the same channel, when one uses the conventions 
of Wu and Yang or the one of Schubert et al.. 

For the CP phase as fixed by Wu and Yang, or by Schubert we now find the formulas 

-tCP a WY,S , i , WY,S 

i(j) wY,s Aq_ Aq 1 - a 1 + a 

K aCP -t-WY.S i i „ - ffKS' V ZL V 



A OP^WY,S 1 + al 



o - ~ - ±-a 

aWY,S oo/ , WY.Ss . m 2 r WY,S-\2 WY.S\ / 01 \ 

(j) vv >° = 2is(-a + a ) + O(a^,[a \ ,aa ), (21) 

where the superscript CP refers to the charge-parity convention, Eq. (|lO|). CPT symmetry 
would imply, 

CPT invariance => = = e - 2 - g (A ^) = i^, ( 22 ) 



4 



where Aq P is the value of Aq, if conventions Eq. (|l]) and Eq. (|lC|) are jointly assumed. 
(We may supplement the convention of Schubert, Eq. (||), with the one of Eq. (|). In 
the case of CPT invariance Aq then would be real. If Aq were positive we would have 
arrived at the conventions of Wu and Yang; otherwise the relative phases between the 
state vectors of the two-pion system and the ones of the kaon system would be opposite 
to the corresponding choices of Wu and Yang.) 

Assuming CPT symmetry and both conventions of Wu and Yang, e is equal to the 



CP violation parameter e [12], 



CPT invariance e WY = ee^ a s ~ a l ) = £ [l + 0(e 2 ,e s ,l£s,l,£ e s , L )]- (23) 

The first order expression for e in terms of the off-diagonal elements of the kaon matrix 
M. and its eigenvalues \s,l is 

e M ■= ^tt =£ + U(e ,d ,ed); (24) 

2(A L - A S ) 

only if e ,2< ^ = 1 (and hence e %x = e tx , see Eq. (0)) does £_m measure CP and T violation 
of the kaon matrix [Q. 

At the very end of their appendix C, Hayakawa and Sanda [|J assume the convention 
CP\K°) = \K°) (i.e. <p = 0) and the ones of Wu and Yang simultaneously. This slip, 



which had already been made elsewhere, e.g. |10[ Jllj], apparently did not propagate to 
anywhere else in their paper. 

A related confusion arose when several authors @ [13] [14] did not point out that e (or 



em) ceased to be a T violation parameter of the kaon matrix, when they switched from 
the charge-parity convention, = 0, to the one of Schubert, Eq. dBf). Moreover, it was 



overlooked [15] that these two conventions are incompatible. 



I am grateful to the members of the CPLEAR collaboration for their hospitality and 
fruitful discussions, especially with Maria Fidecaro, Tatsuya Nakada and Bernd Pagels. 
Moreover I thank Giancarlo D'Ambrosio for commenting on the manuscript. 
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